Abstract: We study a supersymmetric SU(5) model with the extra Higgs multiplets of 45 + 45. The unification of the gauge couplings, the fermion masses and the proton lifetime are discussed in details. The dimension-five operators mediated by different colored Higgs sector can be destructive with each other. This effect serves a way of solving the longevity of proton. We analytically analyze this destructive effect in a special limit where the mixing between the 5-and 45-plets is small. Although the theory does not hold in this special limit, it is a revelatory starting point. We can relax this limit and retain the destructive effect. In a generalized parameter space, this model is in accord with experimental results.
Introduction
A successful model of grand unified theory(GUT) needs to satisfy at least the following key points: unification of the gauge couplings, realistic fermion masses and mixing, and long-lived proton. The first point of unification of the gauge couplings is realized in the class of models of supersymmetric(SUSY) GUT models [1, 2] . To fulfill the second point, the Higgs sector needs extending beyond the minimal SU(5) model. For example, in the model by Georgi-Jarlskog [3] , 45-plet is added to generate the correct texture of fermion masses. Third, since in the SUSY GUT models the proton lifetime is determined by the dimension-five operators [4, 5] mediated by the colored Higgs multiplets, the Yukawa couplings need adjusting to suppress proton decay.
In this work we will study proton lifetime and fermion masses in a SUSY SU(5) model following Georgi-Jarlskog [3] . Originally, it was aiming at the fermion masses. Its SUSY version [6, 7] contains a pair of extra Higgs multiplets of 45 + 45. After the SU(5) group is broken, the 45 + 45 contains a pair of weak doublets and two pairs of color triplets. This pair of doublets mixes with those from 5 +5. In order to make sure that the low energy limit of this model is the Minimal SUSY Standard Model(MSSM), we set a restriction on some parameters to let only one pair of weak doublets light. This model can give realistic texture of fermion masses. So we can assign the experimental constraints on the parameters related to fermion masses. The authors of Ref. [8] claim that present proton decay experiments exclude the Minimal SUSY SU(5) GUT Model(MSGUT), although to some extent it still can be reconcilable with observation [9] . We are trying to find some way to ensure longevity of proton. By adding the new pair of 45 + 45, the contributions from different colored Higgs can be destructive. This effect have been introduced in Ref [10] , and we will make a much detailed analysis here. This destructive effect can be analytically and easily shown in a special limit, called as "small mixing limit" here, where the mixing between 5 and 45-plets is small. By relaxing this limit, we can retain the destructive effects to ensure long enough proton lifetime.
This paper is organized as follows: The Higgs contents and their masses are given in Sec. 2. We set restricts on the heavy fields by requiring the gauge coupling unification in Sec. 3. The Yukawa couplings with the matter fields are listed in Sec. 4 . The dimension-five operators are also given in this section. In Sec. 5, we formally analyze the proton decay width in small mixing limit. In Sec. 6, we give numerical results both in and beyond the small mixing limit. This model is in accord with experiments. Finally, we summarize our results.
The Higgs contents
In this section, we analyze the Higgs sectors of the model both before and after the breaking of SU (5) gauge symmetry. Before the symmetry breaking, the model have 5 +5 and 45 + 45 Higgs multiplets, which is just the SUSY version of Georgi-Jarlskog Model [3] . After the breaking, the model becomes the MSSM at low energy.
General Superpotential
The general renormalizable superpotential for the Higgs sector is [11] [12] [13] [14] .
The fields contents of the Higgs in 45 are
All the coefficients are the normalization factors. The numbers in the brackets are the SU(2) and SU(3) representation dimensions and the subscripts are the U(1) charges. s in round brackets denote symmetrization of the Greek indices. On the right-hand side of the above equation, the Latin letters take 1 and 2, while the Greek letters take 1,2, and 3. The Higgs contents in 45 have the corresponding conjugate terms.
The adjoint Higgs Σ acquires a VEV diag(2, 2, 2, −3, −3)V and breaks SU(5) to the Standard Model(SM) gauge group [15] . The bilinear terms of 5 and 45 Higgs constituents in the SM gauge groups are 3) and the mixing terms between 5 and 45 Higgs are 
Doublet Masses
The Higgs doublets' mass and mixing terms can be achieved from Eqs.(2.3) and (2.4) and can be rewritten as
The mass matrix can be diagonalized with the following rotation
The fields on the left-hand side of Eq.(2.6) represents the mass eigenstates. If we set 
It must be emphasized that the condition of Eq.(2.7) is still a typical fine tuning of parameters. Under this condition, the doublets' rotating angle can be written as
When µ 1 ≪ µ 2 , slight breaking of Eq.(2.7) ensures a small eigenvalue of 
The mass matrix of Higgs triplets can be diagonalized with the following rotation
The mass eigenvalues of the rotated Higgs triplets are
where
We can express the rotating angle as
At the end of this section, we summarize all the heavy Higgs masses in Table 1 . These masses enter into the running the gauge couplings and the colored ones can mediate nucleon decay.
Constraints on GUT-scale Masses
In this section, we examine the gauge coupling unification and we get limits on the GUT-scale masses from the requirements of the unification. The theoretical perturbative bounds on Yukawa couplings can also put further constraints on GUT-scale masses [15] .
The running of the three gauge coupling constants in MSGUT have already been investigated [16] . By adding the extra 45 + 45 Higgs effects, we get the new formulae 
Here, the scale Λ is larger than any of the GUT-scale masses and all the masses except for m SUSY and m Z are taken around the GUT-scale. We can get all the GUT-scale masses' dependence on the parameters of superpotential from Eqs.(2.3), (2.8), and (2.13). The number of generation N g is three.
We take all MSSM particles' masses at m SUSY . By eliminating α −1 5 , we have (3α
(5α
The Eqs. (3.4,3.5) give restrictions on the GUT-scale mass spectrum from the weak-scale parameters. But the restrictions here are much looser than those in Refs. [17, 18] . The mass splitting among the MSSM particles also affects the GUT-scale mass spectrum. The detailed analysis of SUSY mass splitting can be found in Ref. [15] . If ρV ≪ µ 2 , the masses of Higgs multiplets from the 45-plet are highly degenerate except for H ′ D and H ′ c . When we restrict to the universal scalar mass dominates the SUSY breaking and take two-loop gauge couplings into account, we have the following constraints
for gluino mass 100GeV ≤ mg ≤ 1TeV. If ρV ≫ µ 2 , the constraints become
The above equations are the extended version of those from Ref. [8] .
and it is constrained as
The applicability of perturbation requires that the dimensionless couplings f , λ, ρ in Eq.(2.1) to be small. The perturbative bound of f under Planck scale in Ref. [15] 
and
The above equation satisfies the bound on dimension-six operator mediated p → π 0 +e + which requires M V > (2.57 − 3.23) × 10 15 GeV [19] .
The Yukawa Couplings and The Dimension-Five Operators
In this section, we present the realistic fermion mass relations and the dimension-five operators. There are several Higgs multiplets which give contributions to the fermion masses or to the dimension-five operators, and these Higgs multiplets contribute in different ways. So the correlation between the dimension-five operator couplings and the matter fields' Yukawa couplings is diluted.
Superpotential
Before the GUT gauge group symmetry is broken, the superpotential for the Yukawa couplings is
where ψ αβ i
and ψ jα are the 10-and5-plet matter fields [15, 20] with i and j as the generation indices. Here the Greek letters run from 1 to 5. We work in the basis that the mass matrix for the up-type quarks are already diagonalized to reduce complexity.
The coupling constants are defined as
where V ij 's are the Cabibbo-Kobayashi-Maskawa(CKM) matrix elements. The phases φ i 's and the V ij 's are valid for both couplings to 5 and 45 Higgs, for they are fixed by the definition of the matter fields. Even if we set different φ ′ i 's and V ′ ij 's for the primed Yukawa couplings, their difference with unprimed ones can be absorbed into the redefinitions of the primed Yukawa couplings. Only two of the phase are independent and we follow [15] to take
Under the SM group, the superpotential for the matter fields can be deduced from Eq.(4.1) and written as 
Fermion Mass Texture
The Georgi-Jarlskog model provides a mechanism of generating realistic lepton-quark mass relations. The fermion mass formulae can be easily gotten from Eq.(4.4)
Together with Eq.(2.6), we get the Yukawa couplings of the light Higgs doublets to the light fermions as follows
Here we can reexamine the reliability of one set of phases and CKM matrix elements. 
Dimension-Five Operators and Effective Lagrangian
We can get the dimension-five operators that violate the baryon-lepton numbers, by integrating out the colored Higgs multiplets. These operators can be put into two categories: the LLLL-types ones by integrating out H c and H ′ c and the RRRR-type ones. The LLLL-type operators can be written explicitly as
The RRRR-type operators can be written as
The trigonometric functions in Y ij and X ij hail from the mass matrix diagonalization. The external sfermion legs of the dimension-five operators will be converted to fermions at SUSY breaking scale, by dressing of gauginos or doublet Higgsinos. We only focus on the LLLL-type operators here for simplicity, although the RRRR-type can also be important [21] . The dressing of wino to (QQ)(QL) gives the most important contribution [15, 22] , and yields the triangle diagram factor
where M 2 is the wino masses. The resulting four-fermion operators are
(4.12)
The total antisymmetry in color index requires i = k, which implies the dominant mode is p → Kν [15] . Taking renormalization effects into account, the most relevant terms for
The function A S refers to the short range renormalization effect between the unification and the SUSY breaking scales and A L the long range renormalization effect between the SUSY scale and 1 GeV [23] . All of these have been investigated thoroughly in [15, 24] . Thec andt-exchange amplitudes can be constructive or destructive with each other depending on φ c and φ t . The ratio oft andc-contribution can be defined by [15] 
. (4.14)
We also have 
Constraints in Small Mixing Limit of and 45-plets
This model has two pairs of colored Higgs multiplets which can induce proton decay. The contributions from different Higgs multiplets can be destructive, so that it may predict long enough proton lifetimes. This destruction can be exhibited in a very simple way when the mixing between different Higgs multiplets can be treated as perturbation. When the mixing is negligible, we can take the masses of the color Higgs to be degenerate as the leading order approximation. The Yukawa couplings Y ij can be expanded through mixing angle θ T and the mass difference of the colored Higgs sectors beyond the leading order. They are related to ρ, κ 1,2 and t, so we can expand dimension-five operator couplings through these parameters. The couplings h (′)i and f (′)i are restricted by Eq.(4.6).
Leading Order Cancellation
In this subsection, we pick out the most relevant contributions and consider their counteractions. When the mixings between 5 and 45-plets are negligible, we have the leading terms of Y ij 's as follows
If we further assume 
Beyond the Leading Order
Even the leading order of Y ij 0 vanishes, the non-vanishing κ and the colored Higgs multiplets mass splitting can still contribute to nucleon decay. In order to investigate the validity of Y (1) , we need the next to the next to leading order terms (1) is a good approximation to Y ij . In this special circumstance, we have the nucleon decay width
It is proportional to the squared mass splitting. We can also simplify y tK when Y 
with common triangle diagram factors and short range renormalization factor. It is important to emphasize that we can only suppress some specific decay modes in this way. When one mode is suppressed others may be enhanced. For example, if we choose Y 32 = 0 and When the mixing effects between 5 and 45-plets dominate, the mass difference between H c and H ′ c will not be small. We can not expand the dimension-five operator couplings in the colored Higgs mass splitting. The most dominant part of proton decay widths can not be picked out in a simple way.
Under the conditions of this section, the heavy thresholds effects in Eqs. The masses contribute to nucleon decay could be determined from Eqs.(3.6) and (3.7). Together with the conditions |t| ≪ s and κ's≪ µ 2 , numerical study show that all the GUT-scale masses are around 1 × 10 15 GeV. The limits that we taken here are fully compatible with the constraints of Sec. 3.
Numerical Constraints on Proton Decay
In this section, we present some numerical results about the destructive effect. We illustrate it in the small mixing limit at first, and then in a relaxed parameter space. We choose some specific proton decay modes for simplicity. The most relevant modes p → K + + ν and the modes without dependence on e iφ are our concentration. At first we analyze these models in the small mixing limit of 5 and 45-plet following the general discussion of Sec. 5. Then we use the predictions from previous sections to get the possible longest proton lifetimes of this model.
We take all the sparticle masses at 1TeV except for md = mμ = 10TeV [8] . We neglect squark and slepton mixing for simplicity. Because most of the mass insertion parameters are small [25] , we will not loose the major physics. Present limit on chargino mass is mχ± > 94GeV [26] . In this work we take wino mass M 2 = 100GeV. The present experimental limits on partial proton lifetimes at 90% C.L. [26] are
We also take M GUT ∼ 2 × 10 After fixing all the Yukawa couplings, we can use the chiral Lagrangian technique [27, 28] to transform quark level Lagrangian in Eq.(4.13) to the hadronic level. This is accomplished through the matrix elements
2)
3) which is obtained in the limit m u,d,s ≪ m N,B . All the parameters can be found in [15, 29] . We take them as following [29] 
In Table 2 , we list the general form of dimension-five operators mediated partial proton lifetimes. These formal equations do not depend on the assumption of parameters. We only have to determine the values of y ij and y tK to get the proton decay rates. Table 2 . The dominant proton decay modes and the modes independent of e iφ or y tK without ad hoc assumption. We assume the dimension-five operator contributions dominate.
Decay mode General Lifetime
τ (p → K + +ν µ ) 1.0 × 10 35 τ (p → K + +ν e ) 5.3 × 10 33 Y 22 (1 + y tKµ ) Y 21 (1 + y tKe ) 2 × 10 −25 GeV Y 22 (1 + y tKµ ) TeV −1 A s (f (c, µ) + f (c, d ′ )) 2 yrs τ (p → π 0 + µ + ) 3.2 × 10 36 τ (p → π 0 + e + ) 7.8 × 10 34 Y 12 Y 11 2 × 10 −25 GeV Y 12 TeV −1 A s (f (u, d ′ ) + f (d ′ , ν)) 2 yrs
Proton Lifetime in Small Mixing Limit
Now we numerically study the destructive effects among all colored Higgs in the small mixing limit. 
(1) can be obtained by replacing m c with m u . The numerical study gives
The range comes from the uncertainties in quark masses. When Y
21
(0) = 0, we have a similar analysis. Then the last uncertainty comes from the colored Higgs masses. We take tan θ as small as possible. We further take |t| < |s|. In this way, we approach the condition of Sec.5. At this time, the GUT-scale masses are all fix at around 10 15 GeV, which are listed in Table 3 . We have the possible longest proton lifetimes in Table 4 . When one of the modes p → K + + ν µ or p → K + + ν e reaches its maximum, the other one gets their minimum. This can be explained by the fact that the condition Y Decay mode Lifetime(yrs) Since we want to relax the small mixing limit in a controlled way, we change as few parameters as possible and take the process little by little. We set µ 2 to be larger. Then the parameters s and |t| becomes larger. Hence, the mass of H c and H Table 5 and the corresponding GUT-masses are in Table  6 . These GUT-masses are gotten by the restriction from Sec.3 and by relaxing the small mixing limit. The proton lifetimes are in accord with the data in Eq.(6.1). Table 6 . The GUT-scales masses which ensure longest proton lifetime without small mixing limit. These masses are in accord with the gauge coupling unification constraints of Sec. 3.
